Abstract. We study the semi-compactness of positive Almost Dunford-Pettis (resp. the square of positive Almost Dunford-Pettis) operators on Banach lattices and we give some consequences.
Introduction and notation
Recall from [7] that an operator T from a Banach lattice E into a Banach space F is said to be almost Dunford-Pettis if the sequence ( T (x n ) ) converges to 0 for every weakly null sequence (x n ) consisting of pairwise disjoint elements in E. An operator between two Banach spaces is called Dunford-Pettis, if it maps weakly null sequences into norm null sequences. It is evident that every Dunford-Pettis operator from a Banach lattice E into a Banach space F is almost Dunford-Pettis, but the converse is false in general. In fact, the identity operator
is almost Dunford-Pettis, but it is not Dunford-Pettis. In this paper, we introduce a new notion that we call σ-almost order bounded subsets of a Banach lattice. It is a weaker notion than the usual notion of almost order bounded subset, introduced by Zaanen in [9] . And we use this notion to study the semi-compactness of almost Dunford-Pettis operators by characterizing Banach lattices on which each positive almost Dunford-Pettis operator is semicompact. In fact, we will prove that if E and F are two Banach lattices such that each positive almost Dunford-Pettis (resp. Dunford-Pettis) operator T : E → F is semi-compact, then the norm of E ′ is order continuous or the closed unit ball B F of F is σ-almost order bounded (and hence F ′ has the positive Schur property). As interesting consequences, we will give several characterizations of the order continuity of the dual norm. Finally, we will give a characterization of the semi-compactness of the second power of a positive almost Dunford-Pettis operator.
To state our results, we need to fix some notation and recall some definitions. A vector lattice E is an ordered vector space in which sup(x, y) exists for every x, y ∈ E. A subspace F of a vector lattice E is said to be a sublattice if for every pair of elements a, b of F the supremum of a and b taken in E belongs to F . Let E be a vector lattice, for each x, y ∈ E with x ≤ y, the set [x, y] = {z ∈ E : x ≤ z ≤ y} is called an order interval. The set E + = {x ∈ E : x ≥ 0} is called the positive cone of E. A subset of E is said to be order bounded if it is included in some order interval. A nonzero element x of a vector lattice E is discrete if the order ideal generated by x equals the linear subspace generated by x. The vector lattice E is discrete, if it admits a complete disjoint system of discrete elements.
The closed unit ball of a Banach space X will be denoted by B X . A Banach lattice is a Banach space (E, · ) such that E is a vector lattice and its norm satisfies the following property: for each x, y ∈ E such that |x| ≤ |y|, we have x ≤ y . If E is a Banach lattice, its topological dual E ′ , endowed with the dual norm, is also a Banach lattice. A norm · of a Banach lattice E is order continuous if for each generalized sequence (x α ) such that x α ↓ 0 in E, (x α ) converges to 0 for the norm · where the notation x α ↓ 0 means that the (x α ) is decreasing, its infimum exists and inf(x α ) = 0.
We will use the term operator T : E → F between two Banach lattices to mean a bounded linear mapping. It is positive if T (x) ≥ 0 in F whenever x ≥ 0 in E. The operator T is regular if T = T 1 − T 2 where T 1 and T 2 are positive operators from E into F . It is well known that each positive linear mapping on a Banach lattice is continuous. If T : E → F is a positive operator between two Banach lattices, then its adjoint T ′ : F ′ → E ′ is likewise positive, where T ′ is defined by T ′ (f ) (x) = f (T (x)) for each f ∈ F ′ and for each x ∈ E.
For unexplained terminology on Banach lattice theory and positive operators we refer the reader to the excellent book of Aliprantis-Burkinshaw [1].
Main results
Let us recall from [4] , that an operator T from a Banach space E into a Banach lattice F is said to be semi-compact if for each ε > 0, there exists some u ∈ F + such that
Recall from Zaanen [9] that a subset S of a Banach lattice E is said to be almost order bounded (or approximately order bounded in [4] ) if for each ε > 0 there exists some u ∈ E + such that S ⊂ [−u, u] + εB E . Equivalently, S is almost order bounded if and only if for each ε > 0 there exists some u ∈ E + such that (|x| − u) + ≤ ε for each x ∈ S. Note that an operator T from a Banach space X into a Banach lattice F is semi-compact if and only if T (B X ) is an almost order bounded subset of F .
Recall that an operator T from a Banach space E into a Banach lattice F is said to be L-weakly compact if for each disjoint sequence (y n ), in the solid hull of T (B E ), we have lim n y n = 0. An operator T from a Banach lattice E into a Banach space F is M-weakly compact if for each norm bounded disjoint sequence (x n ) of E, we have lim n T (x n ) = 0. Note that Meyer-Nieberg ( [4] , Proposition 3.6.11) proved that an operator T , between two Banach lattices, is L-weakly compact (resp. M-weakly compact) if and only if its adjoint T ′ is M-weakly compact (resp. L-weakly compact).
On the other hand, a semi-compact operator is not necessary M-weakly compact. In fact, the identity operator Id l ∞ : l ∞ → l ∞ is semi-compact, but it is not M-weakly compact. However, Meyer-Nieberg proved that each regular M-weakly compact operator is semi-compact (Corollary 3.6.14 of [4] ).
In the following, we give a generalization of this result.
Proposition 2.1. Let E and F be two Banach lattices. Then each order bounded M-weakly compact operator T : E → F is semi-compact.
Proof. Let T : E → F be an order bounded M-weakly compact operator and let ε > 0. It follows from Theorem 5.60 of [1] that there exists some
And hence
On the other hand, since T is order bounded there exists
Let us recall that a Banach space E is said to have the Schur property if every sequence in E weakly convergent to zero is norm convergent to zero. For example, the Banach space l 1 has the Schur property.
A Banach lattice E has the positive Schur property if weakly null sequences with positive terms are norm null. For example, the Banach lattice L 1 ([0, 1]) has the positive Schur property but does not have the Schur property. For more information about this notion see [6] .
Since the Banach space l 1 has the Schur property, its identity operator Id l 1 : l 1 → l 1 is Dunford-Pettis (and hence almost Dunford-Pettis) but it is not M-weakly compact.
Also, a semi-compact operator is not necessary almost Dunford-Pettis (resp. Dunford-Pettis), and conversely an almost Dunford-Pettis (resp. Dunford-Pettis) operator is not necessary semi-compact. For example, the identity operator Id l 1 : l 1 → l 1 is almost Dunford-Pettis (resp. DunfordPettis) but it is not semi-compact and conversely, the identity operator Id c : c → c is semi-compact but it is not almost Dunford-Pettis (resp. Dunford-Pettis) where c is the Banach lattice of all convergent sequences.
The following result generalizes the implication
Proposition 2.2. Let E and F be two Banach lattices. If E ′ has an order continuous norm, then each order bounded almost Dunford-Pettis (in particulary, each order bounded Dunford-Pettis) operator T : E → F is M-weakly compact, and hence semi-compact.
Proof. Assume that E ′ has an order continuous norm and let T : E → F be an order bounded and almost Dunford-Pettis. By Proposition 2.1, we have just to prove that T is M-weakly compact. Let (x n ) be a norm bounded sequence of E. As E ′ has an order continuous norm, it follows from Theorem 2.4.14 of Meyer-Nieberg [4] that x n → 0 for σ(E, E ′ ). Since T is almost Dunford-Pettis, then T (x n ) → 0. Hence T is M-weakly compact and we are done.
To study the converse, we introduce a new notion that we call σ-almost order bounded subsets of a Banach lattice.
A subset S of a Banach lattice E is said to be σ-almost order bounded if each countable subset of S is almost order bounded, i.e., for each sequence (x n ) ⊂ S and each ε > 0 there exists some u ∈ E + such that x n ∈ [−u, u] + εB E for each n.
Equivalently, the subset S is σ-almost order bounded if and only if for each sequence (x n ) ⊂ S and each ε > 0 there exists some u ∈ E + such that (|x n | − u) + ≤ ε for each n. We note that each almost order bounded subset is σ-almost order bounded but the converse is false in general. In fact, there is a Banach lattice E such that its closed unit ball B E is σ-almost order bounded but not almost order bounded. To prove this we have just to take an example of Schep and Wolff [5] . Let E = {x ∈ l ∞ (R) : support(x) is countable} equipped with the supremumnorm. Since every sequence in B E is order bounded, then B E is σ-almost order bounded but it is not almost order bounded (see [5] , p. 118).
However, if E is a Banach lattice, then each countable norm bounded subset of E is almost order bounded if and only if the closed unit ball B E of E is σ-almost order bounded.
To prove our following result, we need the next lemma.
Lemma 2.3. If E is a Banach lattice and S ⊆ E is σ-almost order bounded, then every disjoint sequence in S is weakly convergent to zero. Furthermore, if E has order continuous norm, then every disjoint sequence in S converges in norm to zero.
Proof. Let (u n ) be a disjoint sequence in S, let 0 ≤ f ∈ E ′ and ε > 0.
Since S is σ-almost order bounded, there exists some u ∈ E + such that (|u n | − u) + ≤ ε for all n. On the other hand, as (|u n | ∧ u) is an order bounded disjoint sequence in E, then (|u n | ∧ u) converges weakly to zero (see Remark of [1] in p. 192). So, there exists some n 0 such that f (|u n | ∧ u) ≤ ε for all n ≥ n 0 . Now, from the identity |u n | = (|u n | − u) + + |u n | ∧ u, we see that
holds for all n ≥ n 0 . This implies that f (u n ) → 0, and hence (u n ) converges weakly to zero. If, in addition, E has an order continuous norm then |u n | ∧ u → 0 as (|u n | ∧ u) is an order bounded disjoint sequence in E (see Theorem 4.14 of [1] ). So, there exists some n 1 such that |u n | ∧ u ≤ ε for all n ≥ n 1 .
Then
holds for all n ≥ n 1 . Hence u n → 0 as n → ∞, and this completes the proof of Lemma.
Recall that an element e > 0 of a vector lattice E is said to be an order unit whenever the order ideal E e generated by e coincides with E. A positive element u in a Banach lattice E is said to be a quasi-interior point whenever E u is norm dense.
Proposition 2.4. Let E be a Banach lattice.
(1) If the closed unit ball B E of E is σ-almost order bounded, then E ′ has the positive Schur property. (2) If E has an order continuous norm and its closed unit ball B E is σ-almost order bounded, then E is finite-dimensional. (3) If E has a quasi-interior point and its closed unit ball B E is σ-almost order bounded, then E has an order unit.
Proof.
(1) Suppose that (f n ) is a sequence in (E ′ ) + such that f n (x) → 0 as n → ∞ for all x ∈ E (which is, in particular, the case if f n → 0 as n → ∞ with respect to σ(E ′ , E ′′ )). Let M > 0 be such that f n ≤ M for all n. If f n 0, then, by passing to a subsequence, it may be assumed that there exist ε > 0 and (x n ) ⊂ (B E ) + such that f n (x n ) ≥ ε for all n. Since B E is σ-almost order bounded, there exists u ∈ E + such that (x n − u)
for each n. Hence
(2) Assume that E has an order continuous norm and its closed unit ball B E is σ-almost order bounded. It follows from Lemma 2.3 that any normalized disjoint sequence in E is finite. Accordingly, any disjoint system of non-zero elements in E is finite. This implies that E is finite (see e.g. Theorem 26.10 of [3] ).
(3) In fact, it follows from Corollary 1.3 of Schep and Wolff [5] that B E is almost order bounded. Hence E has a strong order unit (see exercise 122.8, p. 504 of Zaanen [9] ).
Example. It follows from Proposition 2.4 that the closed unit ball of
Recall from [1] that two elements u and v of a vector lattice E are called disjoint (that we denote u⊥v) if |u| ∧ |v| = 0. The disjoint complement D d of a nonempty subset D of a vector lattice E is defined by D d = {u ∈ E : |u| ∧ |v| = 0 for all v ∈ D}. It is a band of E. If E ∼ is the order dual of E and if ϕ ∈ E ∼ , the null ideal of ϕ is defined by N ϕ = {x ∈ E : |ϕ| (|x|) = 0}. It is an order ideal of E. Finally, the carrier C ϕ of ϕ ∈ E ∼ is defined by
Now, we are in position to give necessary conditions under which each positive almost Dunford-Pettis operator is semi-compact. Also, this result generalizes the implication (3) =⇒ (1) of Theorem 2.2 of [2] . In fact, we have Theorem 2.5. Let E and F be two Banach lattices. If each positive almost Dunford-Pettis operator T : E → F is semi-compact, then one of the following assertions is valid:
(1) the norm of E ′ is order continuous, (2) the closed unit ball B F of F is σ-almost order bounded (and hence F ′ has the positive Schur property).
Proof. It suffices to establish that if E ′ does not have an order continuous norm, then the closed unit ball B F of F is σ-almost order bounded i.e. each countable norm bounded subset of F is almost order bounded. Indeed, suppose that E ′ does not have an order continuous norm. By Theorem 116.1 of Zaanen [9] there is a norm bounded disjoint sequence (u n ) of positive elements in E which does not converge weakly to zero. Hence, we may assume that u n ≤ 1 for all n and also that for some 0 ≤ φ ∈ E ′ and some ε > 0 we have φ (u n ) > ε for all n. Then it follows from Theorem 116.3 of Zaanen [9] that the components φ n of φ in the carriers C u n form an order bounded disjoint sequence in (E ′ ) + such that ( * ) φ n (u n ) = φ (u n ) for all n and φ n (u m ) = 0 if n = m. Now, define a positive operator S 1 : E → l 1 by
To finish the proof, we have to show that each countable norm bounded subset of F is almost order bounded. Let (x n ) be a norm bounded sequence of F + and let M > 0 such that x n ≤ M for all n. We consider the positive operator S 2 : l 1 → F defined by
Note that in view of
On the other hand, we consider the composed operator T = S 2 • S 1 :
It is easy to see that T = S 2 • Id l 1 • S 1 is Dunford-Pettis (and hence almost Dunford-Pettis) where Id l 1 is the identity operator of l 1 .
By assumption, T is semi-compact, i.e., T (B E ) is almost order bounded in F . As u n ≤ 1 and T (u n ) = x n for all n (see ( * )), we conclude that {x n : n ∈ N} is also almost order bounded in F and we are done.
As a consequence, we obtain the following characterizations.
Corollary 2.6. Let E and F be two Banach lattices such that F has an order continuous norm. Then the following assertions are equivalent:
(1) Each positive almost Dunford-Pettis (resp. Dunford-Pettis) operator T : E → F is semi-compact. (2) One of the conditions is valid:
(i) the norm of E ′ is order continuous.
(ii) F is finite-dimensional. Another interesting consequence, is the following characterization.
Corollary 2.7. Let E and F be two Banach lattices such that F has a quasi-interior point. Then the following assertions are equivalent:
(1) Each positive almost Dunford-Pettis operator T : E → F is semi-compact.
(2) One of the following conditions is valid:
(ii) F has an order unit.
Proof. In this case each operator T : E → F is semi-compact. In fact, if F has an order unit e, then the norm in F is equivalente to the order unit norm · e defined by y e = inf {λ > 0 : |y| ≤ λe}, i.e., F is an AM-space with unit (see Remark of [1] , p. 194). So, every norm bounded subset of F (in particular, T (B E )) is order bounded and hence almost order bounded. Thus T : E → F is semi-compact.
Recall that if F is a discrete Banach lattice with an order continuous norm, then each semi-compact operator T : E → F from a Banach space E into F is compact. In fact, let ε > 0 then there exists some u ∈ F + such that
On the other hand, since F is discrete with an order continuous norm then the order interval [−u, u] of F is compact (Theorem 6.1 of Wnuk [8] ). Now ( * ) shows that T (B E ) is a norm precompact subset (Theorem 3.1 of [1]), and so T is a compact operator.
Corollary 2.8. Let E and F be two Banach lattices such that F is discrete and with an order continuous norm. Then the following assertions are equivalent:
(1) Each positive almost Dunford-Pettis (resp. Dunford-Pettis) operator
T : E → F is compact. (2) One of the following conditions is valid:
(ii) F is finite-dimensional.
Another consequence, gives a characterization of the order continuity of the dual norm of a Banach lattice.
Corollary 2.9. Let E be a Banach lattice. Then the following assertions are equivalent:
T : E → E is semi-compact. Finally, note that there exists a Banach lattice E and there exists an almost Dunford-Pettis operator T from E into E such that its second power operator T 2 is not semi-compact. In fact, the operator T = Id l 1 is almost Dunford-Pettis but its second power T 2 = Id l 1 is not semi-compact.
To give necessary and sufficient conditions for which each positive almost Dunford-Pettis operator T from E into E admits a second power operator T 2 which is semi-compact, we need to establish the following nice result on the domination property for the class of almost Dunford-Pettis operators. Proposition 2.10. Let E and F be two Banach lattices and let S and T be two operators from E into F such that 0 ≤ S ≤ T and T is almost Dunford-Pettis. Then S is also almost Dunford-Pettis.
Proof. Let (x n ) be a disjoint sequence of E such that x n → 0 for σ(E, E ′ ), it follows from Wnuk ( [7] , Remark 1) that |x n | → 0 for σ(E, E ′ ). Since T is almost Dunford-Pettis, then T (|x n |) → 0 for the norm of F . Now, by the inequalities:
Finally, as T (|x n |) F → 0, we deduce that S (x n ) F → 0 and hence the operator S is almost Dunford-Pettis. This ends the proof. Now, we give our characterization.
Theorem 2.11. Let E be a Banach lattice. Then the following conditions are equivalent:
(1) For each positive operators S and T from E into E such that 0 ≤ S ≤ T and T is almost Dunford-Pettis, the operator S is semi-compact. (2) Each positive almost Dunford-Pettis operator T from E into E is semicompact. (3) For each positive almost Dunford-Pettis operator T from E into E, the square operator T 2 is semi-compact. (4) The norm of E ′ is order continuous.
Proof. (1)⇒(2) and (2)⇒(3) are evident.
(3)⇒(4). Assume that the norm of E ′ is not order continuous. By Theorem 116.1 of Zaanen [9] there is a norm bounded disjoint sequence (u n ) of positive elements in E which does not converge weakly to zero. Hence, we may assume that u n ≤ 1 for all n and also that for some 0 ≤ φ ∈ E ′ and some ε > 0 we have φ (u n ) > ε for all n. Then it follows from Theorem 116.3 of Zaanen [9] that the components φ n of φ in the carriers C u n form an order bounded disjoint sequence in (E ′ ) + such that ( * ) φ n (u n ) = φ (u n ) for all n and φ n (u m ) = 0 if n = m. Now, we define a positive operator S 1 : E → l 1 by
for all x ∈ E.
ε φ(|x|) holds for each x ∈ E, the operator S 1 is well defined. Also, we consider the positive operator S 2 : l 1 → E defined by S 2 ((λ n )) = ∞ n=1 λ n · u n for all (λ n ) ∈ l 1 . Note that in view of ∞ n=1 λ n · u n ≤ ∞ n=1 |λ n | < ∞, the series defining S 2 converges in norm for each (λ n ) ∈ l 1 .
On the other hand, we consider the composed operator T = S 2 • S 1 : E → l 1 → E defined by
φ(u n ) · u n for all x ∈ E.
Since l 1 has the Schur property, its identity operator Id l 1 is DunfordPettis, and hence T = S 2 • Id l 1 • S 1 is one. This shows that T is almost Dunford-Pettis.
To finish the proof, we have to show that T 2 is not semi-compact. In fact, note that u n ≤ 1 and T (u n ) = u n for all n (using ( * )). So, if T 2 is semi-compact then T 2 (B E ) is almost order bounded in E. Hence it follows from Lemma 2.3 that (u n ) converges weakly to zero. This is a contradiction, and therefore, T 2 is not semi-compact.
(4)⇒(1). Note that for each operators S and T from E into E such that 0 ≤ S ≤ T and T is almost Dunford-Pettis, the operator S is necessary almost Dunford-Pettis by Proposition 2.10. Now, Proposition 2.2 implies that S is semi-compact.
